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From last class: collecting Happy Meal toys. sed @
What is the expected number of happy meals (M) you need to buy to collect alln
toys (¥, 70, 8, », %)? Example meal sequence to get all 5 toys:
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Let X; be the # of meals to buy to get the z-th toy. Within segment ¢ (s;): = N__
* We have (i — 1) different toys so far. Probability of getting i-th toy isp; = (n +1 —14)/n. = nH-1
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Goals for today:

e Userandom variables and linearity of expectation to perform an average-case analysis
of algorithms. Specifically, we'll analyze Quick-Sort with a random pivot.
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First a note about the sum from the Happy Meal problem.
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Harmonic numbers:

# happy meal

0V‘o WS &AS

A (n%ah)

obl’l’l’l’l’ & + -9 ~0omo.”



The Quick-Sort algorithm (a very basic implementation, don't
implement it this way). Count number of comparisons (< or >).

1. Pick a pivot.
2. Partition items so than any item < pivot s in left subarray and any item > pivot is in the right subarray.
3. Call Quick=Sort on each subarray.

def quicksort(array, randomized=True):

# base case
if len(array) <= 1:
return array

# select pivot

pivot_index = len(array) - 1
if randomized: J,
10 pivot = random.randint(@, len(array) - 1)

11  pivot = arrayl[pivot_index] ‘1,5

13 # partition
14 left = [elem for elem in array if elen%vot] [,‘3 [_31 [s, L] [81
15

right = [elem for elem in array if ele ivot] 3 [:L]
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Worst-case and average case complexity of Quick-Sort
(experimentally).

Time (sec.) Time (sec.)
| —e— Pivot: last element —#— Pivot: last element
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List size List size
>>> array = [1 for 1 in range(n)] >>> array = [1 for 1 in range(n)]
>>> random.shuffle(array) >>> quicksort(array, ... )

>>> quicksort(array, ... )

For (already) sorted arrays (and other special patterns too), complexity is O(nz).



Analyzing the total number of comparisons in Quic k-Sort.

Y 4}
e Let X;;beanIRVwhichislifa; anda;
are ever compared.
e Let M = #comparisons = Y Y X,
i
e When are a; and a; compared? When
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Determining a closed-form expression for the sum.
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Recall Harmonic numbers: H, = > +. New identity: > H; = (n+ 1)H, — n
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