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Lecture 8M: Trees



First, a connection betwen functions and graph theory: isomorphism.

Definition: an isomorphism between two graphs G and H is a bijection
f:V(G) — V(H) such that

(u,v) € E(G) <= (f(u), f(v)) € E(H)
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Are these graphs isomorphic? If so, what is a possible relabeling?
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Testing for an isomorphism.

1. Check if the number of vertices and edges are the same.
2. Check all vertex degrees in GG are found in H.
3. Check cycle lengths (we'll talk about cycles today) in G are found in H.
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Applications of isomorphisms.

Chemistry: does this chemical compound exist already?




Goals for today:

1. Describe properties of graphs: walks, paths, cycles.
2. Prove the # edges in a tree is equal to # vertices - 1.
3. Build a spanning tree from an arbitrary connected graph.




Walks.

Definition 1: A_Wel K (oflength_K__)inagraphG = (V,E)isa
sequence of _VeM S  that are connected by K ed_als ;

Definition2: A_c\0%ed WK isawalkwhich  Steffs  and
_ends at the Sav  vertex.
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Paths and Cycles.

Definition 3: A ?0&\ isa W&\‘K where all the vertices are
Ao rany
Definition4:A__ C \L isa C_/\OS'CO\ walk of (length

2 ) in which all the vertices are ‘““"GC"Q\* .
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Definition 5: Vertices u and v are said to be “connected” 1if
there 1s a path between u and v.
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Finally! A tree is a connected graph with no cycles (acyclic).
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No cycles but not connected? — Forest.
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Tree Forest
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Rooted and k-ary trees.

Definition 6: A _{ooted tvee isa_X€<€€.  inwhichasingle vertexis
designated as the _ Voo and every edge is directed away from the
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Definition 7: A K~ &% is a tree in which each node has € K
children.
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Exercise 1: draw the binary tree resulting from all
possible outcomes of flipping a coin three times.
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1. How many leaves are there? & ( ‘Z : be\_‘\‘ ¢
2. What is the probability of getting the sequence H-T-H (3 flips)? / )1 i %03
3. What is the probability of getting the sequence H-T-T-T-H-H (6 flips)? _| ‘C,:}«..
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Exercise 2: make a tree that has all of these vertices!
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Definition 8: A Sm\ tree of a connected graph G = (V, E) is
a subgraph of GG with the same Ver¥iees as G.
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Exercise 3: make a spanning tree of this graph.

Q 1. Is your spanning tree unique? NO
2. How many edges are there in your tree? V' “\:f's
3. How many edges in the trees of those around you? QV\DM we \!-
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An important property of trees. boce cotc:  ®
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We use a proof by induction on the number of vertices n. Let the induction hypothesis be p(n):

"there aren — 1 edges in an n-vertex tree."
e Base case: A tree with a single vertex (n = 1) has no edges, which is consistent with 1 — 1 = 0, so p(1) is true.

e Inductive step: Assume p(n) is true. That is, assume a tree with n vertices has m — 1 edges. We need to ;how a t‘i:e f
with m + 1 vertices has n edges. Starting with a tree with  + 1 vertices, ... YOI, o 30 an
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