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Lecture 7M: Strong Induction



Goals for today.

e Practice some more with proofs by induction.
( e |dentify when multiple base cases are needed in a
oroof by induction.
e |dentify when strong induction is needed.
e Prove correctness and/or a property about an
algorithm using induction.

How many "breaks" to break upm <X n
chocolate bar into individual squares?

Theorem: An m X mn chocolate bar requires mn — 1 breaks
to break it up into individual squares.



Prove that it takes mn — 1 "breaks" to break up the
m X n chocolate bar into individual squares.

Proof. We use a proof by induction on the total number
f of squares in the chocolate bar. Let p(k) be the
predicate that a chocolate bar with k squares requires

k — 1 breaks to split the bar into individual squares.

e Base case: For k = 1, no breaks are needed to split the chocolate
bar, and the formulal — 1 = 0 is verified.

e Inductive step: Suppose p(k) is true. This means that a chocolate
F— bar with k squares requires k — 1 splits to break it up into
individual squares. We must show that a chocolate bar with & + 1
squares requires k breaks.
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The Principle of Strong Induction
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Prove that it takes mn — 1 "breaks" to break up the
m X n chocolate bar into individual squares.

Proof. We use a proof by strong induction on the total
number of squares in the chocolate bar. Let p(k) be the
predicate that a chocolate bar with k squares requires

k — 1 breaks to split the bar into individual squares.

e Base case: For k = 1, no breaks are needed to split the chocolate
bar, and the formulal — 1 = Qs verified.

e Inductive step: Suppose p(1) A p(2) A - - - A p(k) are true. This
< s means that a chocolate bar with 1 < s < k squares requires

s — 1 splits to break it into individual squares. We must show that

b a chocolate bar with k + 1 squares requires k breaks to break it |
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Example 2: Prove that every integer greater than 1 is either
prime or a product of primes,,

Proof. We will use a proof by strong induction on integers n > 1. Let the induction

G :
L 4 2 > hypothesis be p(n): g oD
g [A. "an integer greater than 1 s either prime or a product of primesﬁ"5 5 v’
M'\ 7\ B. "all integers greater than 1 are either prime or a product of primes" X
Y C. Both A and B are valid.
e Base case: Forn = 2 we have that 2 is a prime number.
e Inductive step: Letn > 2 and assume that p(2) A p(3) A -- - A p(n) are true. We need to show
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Example 3: Recurrence relations.

Consider the following recurrence relation:

F(n) = 4F(n\- 1) — 4F(n\- 2), F(0) =1, F(1) = 0.

We want a "closed-form" expression for F'(n) that doesn't depend on F'(n — 1), F((n — 2),
etc. Prove that F'(n) = 2™(1 — n) foralln > 0.
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Proof. We use strong induction on the integer n. Let the induction hypothesis be p(n) :'
F(n) =2"(1 —n)" nt|
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e Inductive step: Assume p(0) A p(1) A - -- A p(n) are true. Thatis, F(k) = 2*(1 — k) for0 < k < n.We need to
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