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Lecture 6W: Induction



Paying for stuff with only $2 coins and $5 bills.

Suppose you have unlimited toonies ($2 coins) and $5-dollar bills.

e Canyou make $17?
e Canyou make $3?

e Canyou make $67?

$5 $5 S5 S5 S5 S5 $5 $5

$5 || s5 || s5 || s5 || $5

Goals for today:

e State the basic steps of a proof by induction.
e Prove some simple propositions using induction.
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The Principle of Mathematical Induction Semt voruble
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2. Identify your induction variable: weOn N (Aguu VJA&).

3. State your induction hypothesis:
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An idea about 2% coins and 59 bills:

Ifw then we either have > 2 x2$ or > 1 x 58.
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Proof that we can make any value > 3$ using only 23 coins and $5 bills.

Proof. We use a proof by induction on the dollar value n. Let the induction
hypothesis be: p(n) = "A value of $n can be made from $2 coins and $5 bills." We

will prove p(n) is true Vn > 3.

e Base case: We can make n = 4 (the lowest dollar value) from two $2 coins, verifying p(4).

e Inductive step: Assume p(n) is true. That is, A value of $n can be made from $2 coins and $5 bjlls,
We will show that avalue of P¥* )  can be made from $2 coins and $5 bills. CW\"‘ ?u\*‘$ '\'M) .
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A numbery example: prove 3 | (n® —n), Vn > 0. />, -3

keZ.
Proof. We use a proof by induction on an integer n. Let the induction hypothesis
be: p(n)="3 divides n° — n."

e Base case: Our base case is forn = 0, for which we have that 3 divides 03

e Inductive case: Assume p(n) is true. Then 3 divides n°
k € Z.Looking at p(n + 1):

—0=0.
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Is this proof okay?

‘\)O

In a bag of n candi les have the same flavor.

Proof: We use a proof by indu
candiesin a bag. Letthe i
candies have the same flavor.

lon on the induction variable n, the number of
ypothesis be: p(n) = in a bag of n candies, all

e Base case: Our base gase is forn = 1, i.e. for a single<candyj, it has the same flavor as itself.
e Inductive step: Assdme that p(n) is true. That is, in a bag of n candies, they all have the same flavor.
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Since c; is the same flavor as the candies: ¢c2, ..., ¢, and ¢, 1 has the same flavor as the candies:
C2, ..., Cp,thency andc,1 have the same flavor.

By induction, this means that a bag of n candies all have the same flavor.
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